Abstract. We consider the supercritical problem
Introduction
We consider the problem
where Ω is a bounded smooth domain in R N , N ≥ 3, and p ≥ 2 * , where 2
is the critical Sobolev exponent. It is well known that the existence of a solution depends on the domain. Pohozhaev's identity [23] implies that (℘ p ) does not have a nontrivial solution if Ω is strictly starshaped. On the other hand, Kazdan and Warner [14] showed that infinitely many radial solutions exist if Ω is an annulus.
For p = 2 * a remarkable result obtained by Bahri and Coron [3] establishes the existence of at least one positive solution to problem (℘ 2 * ) in every domain Ω having nontrivial reduced homology with Z/2-coefficients. Multiplicity results are also available, either for domains which are small perturbations of a given one, as in [13] , or for domains which have enough, but possibly finite, symmetries, as in [7] . A more detailed discussion may be found in these papers. Unlike the critical case, in the supercritical case the existence of a nontrivial cohomology class in Ω does not guarantee the existence of a nontrivial solution to problem (℘ p ). In fact, for each 1 ≤ k ≤ N − 3, Passaseo [19, 20] in a thin enough tubular neighborhood of a k-dimensional submanifold of R N was recently shown in [17] .
The first nontrivial existence result for p > 2 * was obtained by del Pino, Felmer and Musso [9] in the slightly supercritical case, i.e. for p > 2 * but close enough to 2
* . This case was also considered in [16, 21] where multiplicity was established. In [11] existence was established in a domain with a small enough hole for a.e. p > 2 * , whereas in [5, 17] solutions of a particular type were constructed in a tubular neighborhood of fixed radius of an expanding manifold for every p. The problem for p slightly below the second critical exponent was considered in [10] where solutions for p = 2 * N,1 −ε concentrating at a boundary geodesic as ε → 0 have been constructed in certain domains. Quite recently, positive and sign changing solutions for p = 2 * N,k − ε which concentrate at k-dimensional submanifolds of the boundary as ε → 0 were exhibited in [1] , while in [15] positive and sign changing solutions for p large which concentrate at (N − 2)-dimensional submanifolds of the boundary as p → +∞ have been constructed.
In a recent work Wei and Yan [26] exhibited domains Ω in which problem (℘ p ) has infinitely many positive solutions for p = 2 * N,k . They considered domains Ω of the form
where Θ is a bounded smooth domain in R N −k with Θ ⊂ (0, ∞) × R N −k−1 which satisfies certain geometric assumptions.
For domains of this type we give a geometric condition which guarantees nonexistence. Definition 1.1. We shall say that Θ is doubly starshaped with respect to R × {0} if there exist two numbers 0 < t 0 < t 1 such that t ∈ (t 0 , t 1 ) for every (t, z) ∈ Θ and Θ is strictly starshaped with respect to ξ 0 := (t 0 , 0) and to ξ 1 := (t 1 , 0), i.e.
for each i = 0, 1, where ν Θ (x) is the outward pointing unit normal to ∂Θ at x.
For Ω as in (1.1) and K ∈ C 1 (Ω) we consider the problem
We assume K to be strictly positive on Ω and radially symmetric in y, i.e. K(y, z) = K(|y| , z). We prove the following result. Theorem 1.2. If Θ is doubly starshaped with respect to R×{0} and if y, ∂ y K(y, z) ≤ 0 and z, ∂ z K(y, z) ≤ 0 for all (y, z) ∈ Ω, then problem (1.2) does not have a nontrivial solution for p ≥ 2
The domains in Passaseo's examples [19, 20] are defined as in (1.1) with Θ being a ball centered at some point (τ, 0), which is obviously doubly starshaped with respect to R× {0} . We stress that it is not enough for Θ to be strictly starshaped to guarantee nonexistence: the domains considered by Wei and Yan [26] are obtained from a domain Θ which is not doubly starshaped with respect to R×{0}, but which may be chosen to be strictly starshaped.
The domains in Passaseo's examples [19, 20] , as well as those in Theorem 1.2, have the homotopy type of S k . One may ask whether there are examples of domains having a richer topology for which a similar nonexistence result holds true. We prove the following result. Theorem 1.3. Given k = k 1 + · · · + k m with k i ∈ N and k ≤ N − 3, and ε > 0 there exists a bounded smooth domain Ω in R N , which has the homotopy type of S k1 × · · · × S km , in which problem (℘ p ) does not have a nontrivial solution for p ≥ 2 * N,k + ε and has infinitely many solutions for p ∈ (2, 2 * N,k ). In particular, if we take all k i = 1, the domain Ω is homotopy equivalent to the product of k circles. So not only the homology of Ω is nontrivial but there are k different cohomology classes in H 1 (Ω; Z) whose cup-product is the generator of H k (Ω; Z). Hence, the cup-length of Ω equals k + 1.
We also obtain an existence result for a different type of domains, arising from the Hopf fibrations. We are specifically interested in the cases where N = 4, 8, 16. In these cases R N = K × K, where K is either the complex numbers C, the quaternions H or the Cayley numbers O. The set of units S K := {ζ ∈ K : |ζ| = 1}, which is a group if K = C or H and a quasigroup with unit if K = O, acts on R N by multiplication on each coordinate, i.e. ζ(z 1 , z 2 ) := (ζz 1 , ζz 2 ). The orbit space of R N with respect to this action turns out to be R dim K+1 and the projection onto the orbit space is the Hopf map π :
We consider domains of the form Ω = π −1 (U ) where U is a bounded smooth domain in R dim K+1 . We assume that U is invariant under the action of some closed subgroup G of the group O(dim K + 1) of linear isometries of R dim K+1 . We denote by Gx := {gx : g ∈ G} the G-orbit of a point x ∈ R dim K+1 and by #Gx its cardinality. Recall that U is called G-invariant if Gx ⊂ U for all x ∈ U, and a function u :
We prove the following result. 
has at least m pairs of solutions ±u 1 , . . . , ±u m in Ω := π −1 (U ), which are constant on π −1 (Gx) for each x ∈ U. In particular, they are S K -invariant. Moreover, u 1 is positive and u 2 , . . . , u m change sign.
For example, we may fix a bounded smooth domain
Then D is invariant under the action of the group Γ := S C of unit complex numbers on K × R given by e iθ (z, t) := (e iθ z, t). If G n := {e 2πik/n : k = 0, ..., n − 1} is the cyclic subgroup of Γ of order n, then #G n x = n for every x ∈ (K {0}) × R. Therefore, for every G n -invariant bounded smooth domain U in K × R with
In contrast to [26] , where multiplicity is established using Lyapunov-Schmidt reduction, the proof of the Theorem 1.4 uses variational methods. It is based on the following result.
which does not contain the origin, a ∈ R, and f :
on ∂Ω,
For N = 4 this result was proved by Ruf and Srikanth in [24] by direct computation. Here we derive it from the theory of harmonic morphisms (see section 2). Theorem 1.3 does not apply to the case p ∈ [2 * N,k , 2 * N,k + ε). So the question remains open whether there are examples of domains having the homotopy type of a product of spheres for which nonexistence holds true for all p ≥ 2 * N,k . We give a partial answer as follows. 
Harmonic morphisms
We recall some basic notions and give examples of harmonic morphisms. A detailed discusion is given e.g. in [4, 12, 27] .
Let (M, g) and (N, h) be Riemannian manifolds of dimensions m and n respectively. A smooth map π : M → N is called horizontally weakly conformal if for each x ∈ M at which dπ x = 0 the differential dπ x : T x M → T π(x) N is surjective and horizontally conformal, i.e. there exists a number λ(x) = 0 such that
n , where |dπ x | is the Hilbert-Schmidt norm of dπ x . Hence, it is a smooth function.
If π has no critical points (i.e. dπ x = 0 for all x ∈ M ) then it is called a conformal submersion. If λ ≡ 1 then π : M → N is a Riemannian submersion. Note that, if the dilation is constant and non-zero, then π is a Riemannian submersion up to scale, i.e. it is a Riemannian submersion after a suitable homothetic change of metric on the domain or codomain.
The tension field τ (π) of a smooth map π : M → N is defined as
Thus, τ (π) is a vector field along π, i.e. a section of the pullback bundle π
that is,
where ∆ M is the Laplace-Bertrami operator on M (with the customary sign convention of Riemannian geometry) and Γ Assume there exists µ :
Conversely, if π :
Proof. This follows easily from Proposition 2.1.
Next we give some examples of harmonic morphisms. Example 2.5. The Hopf fibration S 2n+1 → CP n factors through the double covering S 2n+1 → RP 2n+1 to give a Riemannian submersion RP 2n+1 → CP n with totally geodesic fibres. Similarly, one obtains a Riemannian submersion CP 2n+1 → HP n with totally geodesic fibres.
The main example for our purposes is the following one.
Example 2.6. The Hopf maps π :
with K = R, C, H, or O respectively, are harmonic morphisms [4, Corollary 5.3.3] with dilation λ(x, y) = 2(|x| 2 + |y| 2 ). Their restrictions to the unit sphere are the Hopf fibrations of Example 2.4 with n = 1. A simple computation shows that |π(x, y)| = |x| 2 + |y| 2 . Hence, λ 2 (x, y) = 2 |π(x, y)| .
Proof of Proposition 1.5. Apply Corollary 2.2 to Example 2.6.
Existence
Proposition 1.5 suggests considering the problem
where U is a bounded smooth domain in R M , K ∈ C 0 (R M ) is strictly positive on U and 2 * := 2M M−2 is Sobolev's critical exponent. We assume that U and K are G-invariant for some closed subgroup G of O(M ). Then, the principle of symmetric criticality [18] asserts that the G-invariant solutions of problem (℘ * U ) are the critical points of the restriction of the functional
to the space of G-invariant functions
for all g ∈ G, x ∈ U }. We shall say that J satisfies the Palais-Smale condition (P S)
contains a convergent subsequence. Let S be the best Sobolev constant for the embedding
The following result was proved in [6, Corollary 2].
In particular, if #Gx = ∞ for all x ∈ U , then J satisfies condition (P S) 
for every k = 1, . . . , m.
Proof. For K = 1 this was proved in [7, Theorem 1] . The proof for general K goes through with minor modifications. We sketch it here for the reader's convenience. Let P 1 (D) be the set of all nonempty Γ-invariant bounded smooth domains contained in D, and define
Note that P k (D) = ∅ for every k ∈ N. Since #Γx = ∞ for all x ∈ D i , Proposition 3.1 allows to apply the mountain pass theorem [2] to obtain a nontrivial least energy Γ-invariant solution ω Di to problem (℘ * Di ). Extending ω Di by zero outside D i we have that ω Di ∈ H 1 0 (Ω) G and
We define
Note that c 1 = J(ω D ) > 0 and that J(ω Di ) ≥ c 1 . Therefore,
Let m ∈ N and let Ω be a bounded smooth domain containing D, which is invariant under the action of a closed subgroup G of Γ for which
For each k = 1, . . . , m, let W k be the subspace of
Then, by Proposition 3.1, J satisfies (P S) G of J such that J(v 1 ) ≤ d 1 , and Theorem 3.7 in [8] , conveniently adapted to the functional we are considering here, yields m − 1 pairs of sign changing critical points
The proof that v k may be chosen so that J(u k ) ≤ c k for every k = 1, . . . , m, follows just as in [7] .
Proof of Theorem 1.4. This follows from Theorem 3.2 and Proposition 1.5. 
Nonexistence
This problem can be rewritten as
. Note that both a and Q are continuous and strictly positive in Θ. Hence, the norms
satisfies the Palais-Smale condition. It clearly satisfies all other hypotheses of the symmetric mountain pass theorem [2] . Hence, it has an unbounded sequence of critical values. The critical values of J are the solutions of (4.4).
Next, fix τ 1 , . . . , τ m ∈ (0, ∞), and let ϕ i be the solution to the problem
Note that ϕ i is strictly increasing in (0, ∞).
For y i = 0 we define
Lemma 4.2. χ has the following properties:
(b) χ is G-equivariant for the G-action defined in (4.2) , that is, The variational identity (4) in Pucci and Serrin's paper [22] 
where ν Ω is the outward pointing unit normal to ∂Ω. Take χ to be the vector field defined in (4.5) for m = 1, 0 ≤ k ≤ N − 3 and τ 1 = t 0 as in Definition 1.1, that is,
Note that, since ϕ(t) ≥ 0 for t ∈ (t 0 , ∞) and |y| > t 0 if (y, z) ∈ Ω, we have that
Moreover, since 1 − kϕ(t) < 1 for t ∈ (t 0 , ∞), Lemma 4.2 yields
We claim that
Thus, it suffices to show that
where ν Θ (t, z) is the outward pointing unit normal to ∂Θ at (t, z) which we write as
Since Θ is doubly starshaped we have that
with t 0 , t 1 as in Definition 1.1. Therefore,
Set ψ(t) := ϕ(t)t − t. Note that ψ ′ (t) = −kϕ(t) < 0 if t > t 0 . So, since t ∈ (t 0 , t 1 ) for every (t, z) ∈ Θ, we have that
This proves (4.11).
Combining properties (4.7), (4.8), (4.9) and (4.10) with identity (4.6) gives
which implies that p < 2 * N,k if u = 0. Proposition 4.1 yields infinitely many solutions for p < 2 * N,k .
Proof of Theorem 1.3.
Choose α ∈ (1,
. . , τ m ∈ (0, ∞) and, for the given k 1 , . . . , k m , define χ as in (4.5). Let 0 < ̺ < τ i be defined by Since ϕ i (t) < 0 if t < τ i and ϕ i (t) > 0 if t > τ i we have that, for all but a finite number of points (x, z) ∈ ∂Θ,
Hence, (4.13) χ, ν Ω > 0 a.e. on ∂Ω.
Combining properties (4.12) and (4.13) with identity (4.6) for K = 1 we obtain
which implies that p <
2(N −k)
N −k−2α ≤ 2 * N,k + ε if u = 0. Consequently, problem (℘ p ) does not have a nontrivial solution in Ω for p ≥ 2 * N,k + ε, whereas Proposition 4.1 yields infinitely many solutions for p < 2 * N,k .
Proof of Theorem 1.6.
For 0 ≤ n ≤ dim K − 2, let Θ n be a bounded smooth domain in R dim K−n+1 with Θ n ⊂ (0, ∞) × R dim K−n , which is doubly starshaped with respect to R × {0}. Define U 0 := Θ 0 and U n := {(y, z) ∈ R n+1 × R dim K−n : (|y| , z) ∈ Θ n } ⊂ R dim K+1
if n ≥ 1. Theorem 1.2 asserts that problem −∆v = 1 2 |x| |v| p−2 v in U n , v = 0 on ∂U n , has infinitely many solutions for p < 2 * dim K+1,n and no nontrivial solutions for p ≥ 2 * dim K+1,n . Hence, Proposition 1.5 implies that problem −∆u = |u| p−2 u in Ω n := π −1 (U n ), u = 0 on ∂Ω n , has infinitely many S K -invariant solutions if p < 2 * N,k and does not have a nontrivial S K -invariant solution if p ≥ 2 * N,k , where k := dim K − 1 + n. Finally, since the restriction of the Hopf map π :
{0} is a fibration and U n is contractible in R dim K+1 {0}, the domain Ω n is fiber homotopy equivalent to S K × U n [25, Chap.2, Sec.8, Theorem 14] . Hence, it has the homotopy type of S K × S n if n ≥ 1 and of S K if n = 0.
